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Abstract

Temporal Point Processes (TPPs) are crucial for modeling event
sequences in diverse domains such as social networking and e-
commerce. These processes utilize interactions and transactions to
identify patterns and predict future trends. Despite their utility, the
complexity of the data often hinders the accuracy of these predic-
tions. Recent advancements have merged Neural Networks with
TPPs, creating sophisticated models capable of handling complex,
nonlinear temporal data. However, challenges persist regarding
the flexibility in modeling intensity functions, the computational
overhead of integral calculations, and the capture of long-range de-
pendencies. We introduce the CuFun model, a novel TPP approach
employing a monotonic neural network to represent the Cumulative
Distribution Function (CDF). This model enhances adaptability and
accuracy by incorporating past events as scaling factors, simplifies
log-likelihood calculations, and extends the model’s applicability
beyond conventional density function constraints. CuFun excels
in capturing long-range temporal patterns, making it particularly
effective for precise forecasting in real-world applications involving
extended temporal sequences. Our proposed CDF-based TPP model
integrates past event data to improve future predictions.
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1 Introduction

Event sequences play a crucial role in various domains, notably
in social networking [5, 17, 25] and e-commerce [6, 27]. They are
instrumental in advancing recommendation systems [5, 6] and infor-
mation retrieval strategies [27]. Each user action on a social network
or e-commerce transaction is an event that provides insights into
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behavioral patterns. Analyzing these events helps predict future
patterns, enhancing the predictive capabilities of recommendation
systems. A key challenge in this field is accurately forecasting future
occurrences based on these event patterns [21, 24, 26].

Temporal Point Processes (TPPs) [1, 3], with their robust the-
oretical foundation, have become increasingly popular for mod-
eling these temporal event sequences. TPPs treat time intervals
between events as random variables, providing a more nuanced
representation than traditional discrete-time models. The (condi-
tional) intensity function, a core concept in TPPs, has been parame-
terized in various forms, including Stationary and Non-stationary
Poisson processes[11], Hawkes processes [8, 13], and other pro-
cesses [1, 10, 18]. Despite their theoretical robustness, specific TPP
modeling methods sometimes struggle to align with the complex-
ities of real-world phenomena [9, 14, 15]. This misalignment is
evident in scenarios where existing models, such as the Hawkes
process, which typically assumes a positive excitation effect from
past events, do not accurately represent real-world dynamics, such
as inhibitory effects in dietary choices [9].

Neural Networks integrated with Temporal Point Processes (TPPs)
have advanced modeling of temporal data. However, key challenges
remain:

o Computational Instability: Integral calculations of intensity
functions face numerical challenges, particularly in maintaining
normalized density functions [15, 19].

e Limited Extreme-frequency Handling: Traditional intensity
function approaches struggle with abrupt changes and extreme-
frequency events [4].

¢ Long-Range Dependencies: Current models inadequately cap-
ture extended temporal patterns crucial for real-world applica-
tions [20, 22, 23].

In addressing these limitations, we present the Cumulative Dis-
tribution Function-based Temporal Point Process (CuFun), a pi-
oneering model that innovatively focuses on directly modeling
the CDF within TPPs. To our knowledge, CuFun is the first to em-
ploy a monotonic neural network for CDF representation, utilizing
past events as a scaling factor to enhance the prediction of future
events [12, 16].

2 Methodology

This section delineates the methodologies employed in our study,
focusing on the intricate relationships among key functions in
Temporal Point Processes (TPPs) and their implications in modeling
event timings. We introduce novel approaches to parameterize the
Cumulative Distribution Function (CDF) using Recurrent Neural
Networks (RNN) and Monotonic Neural Networks (MNN), thereby
enhancing the accuracy and numerical stability of our TPP models.
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Relationships among Functions in TPP.

To begin, we first explore the fundamental relationships among
key functions in Temporal Point Processes (TPPs), emphasizing
their interdependencies and pivotal roles in accurately modeling
the timing of events. In the realm of temporal point processes, rela-
tionships among various functions are pivotal. Given the survivor
function $(*) and the density function p(T), the intensity function
A1) is articulated as per the equation [3]:

RON A 1)
S

A key function associated with the survivor function is the cumula-
tive distribution function (CDF). To elucidate, the interrelationship
among the CDF F (T), survivor function S (T), and density function

p(T) is delineated as follows:

S*(r) =1-F*(1),

[ - oo ®

The primary objective here is to model the CDF, accounting
for historical event data. This task bifurcates into: firstly, devising
a method to encapsulate past events and their integration into
the main network; and secondly, ensuring the network’s output
corresponds to a valid CDF.

The Recurrent Neural Network (RNN) is frequently the go-to for
sequential data to distill underlying patterns. In line with prevalent
literature [4, 15, 19], we employ an RNN to model past event influ-
ences. Here, an input vector x; serves as the RNN’s input. A straight-
forward representation of x; could be the inter-event interval, de-
fined as x; = t; — tj—1, or its logarithmic form x; = log(#; — tj—1).
The RNN’s hidden state h; updates as follows:

h; = max {f(whh,-_1 + W + b, o} , 3)

where WH, W¥, b" and f represent the recurrent weight matrix,
input weight matrix, bias term, and an activation function, respec-
tively. The hidden state h of the RNN is then conceptualized as a
condensed vector representation of historical events. The subse-
quent step involves leveraging this historical data and structuring
the model to produce a valid CDF.

Cumulative Distribution Function-based TPP

CDF modeling, devoid of integral computations and approxi-
mations, ensures numerical stability and improved effectiveness,
particularly in capturing the intricate dynamics [7, 12] of rapid
event sequences.

Inspired by the application of monotonic neural networks in
probabilistic function modeling [2], we utilize the inter-event in-
terval as the input to a feedforward neural network. Notably, the
hidden state h;_1 receives xj_1 = tj—1 — t;—2 as input, which is ob-
tained independently of the monotonic neural network. In essence,
h_1 represents the covariate variable, while 7; corresponds to the
response variable. As shown in Figure ??, the cumulative distribu-
tion function is represented through a monotonic neural network
(MNN(+)) as follows:

F*(t = tilhj—1) = MNN7 = 1;(t,h = h;—1). (4)

However, a generic neural network does not inherently ensure a
valid cumulative distribution function output. To certify a func-
tion as a valid cumulative distribution function, it must adhere to
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constraints of monotonicity and boundedness at both positive and
negative infinities, as delineated by the following three conditions:

®: lim F(ch) =0,
T——00

@: lim F(zlh) =1, )
. OF(zlh) _ _

®: T >=0.

We now elucidate the entire network structure and explain how
these constraints are fulfilled. The neural network consists of two
primary components. Initially, as previously mentioned, past event
information is encoded into a compact vector h;_1 via an RNN.
Once h;_1 is obtained, it, along with 7;, serves as the input to the
monotonic neural network. The crux of our model lies in the sec-
ond component, the monotonic neural network, highlighted in a
red dotted box. Here, h and 7 are processed through two distinct
single-layer networks, ensuring congruent output sizes. Generally,
in monotonic neural networks, these outputs are summed. How-
ever, significant magnitude disparities between the two can lead to
a dominance of one value over the other. Our experimental results
uncover significant variations in output magnitudes, as elaborated
in the experimental section of our report. These findings suggest
that the influence of past events might often be undervalued when
predicting future occurrences. This underestimation could lead to
substantial discrepancies in the accuracy and reliability of our pre-
dictive models, indicating a need for more nuanced consideration
of historical data within our forecasting methodologies.

To address this, we replace the addition operation with an element-
wise product, interpreting it as a scaling effect of historical infor-
mation on future event predictions. This product then serves as
the input to another feedforward neural network. In this network,
the initial hidden layer is the result of the element-wise product,
with each unit in the median and last layers applying activation
functions tanh and sigmoid respectively, to produce the output. The
distinct activation functions are denoted by varying colors.

The compliance with the three specified constraints is exam-
ined as follows: The positive weights from 7 to the final output, in
conjunction with the positive attributes of h as outlined in Eq. 3, in-
herently satisfy constraint (3. This ensures that the output function
increases monotonically with 7. Moreover, employing a sigmoid ac-
tivation function in the final unit secures adherence to constraints
@ and @), as inferred from (). As a result, the network’s out-
put can approximate the cumulative distribution function. Such a
modeling approach circumvents the need for integral compu-
tations, relying instead on numerically stable differentiation
operations.

3 Conclusion

This paper presents CuFun, a novel approach to temporal point
process modeling that addresses several critical challenges in the
field. Through direct CDF modeling and the incorporation of a his-
torical information scaling mechanism, our method demonstrates
significant improvements over traditional approaches. The integra-
tion of monotonic neural networks for CDF representation marks
a departure from conventional intensity function-based methods,
offering both theoretical elegance and practical advantages.
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